We generalize various symplectic reduction techniques of Marsden, Weinstein, Sjamaar, Bates, Lerman, Marle, Kazhdan, Kostant, and Sternberg to the context of the optimal momentum map. We see that, even though all those reduction procedures had been designed to deal with canonical actions on symplectic manifolds in the presence of a momentum map, our construction allows the construction of symplectic point and orbit reduced spaces purely within the Poisson category under hypotheses that do not necessarily imply the existence of a momentum map.
Introduction
Let (M, {·, ·}) be a Poisson manifold and G be a Lie group that acts properly on M by Poisson diffeomorphisms via the left action Φ : G × M → M . The group of Poisson transformations associated to this action will be denoted by A G := {Φ g | g ∈ G} and the canonical projection of M onto the orbit space by π AG : M → M/A G = M/G. We will denote by g the Lie algebra of G and by g · m := T m (G · m) the tangent space at the point m of its G-orbit,
The use of the canonical symmetries of M encoded in the action of the Lie group G has been used in [MR86, OR98] to reduce the Poisson system (M, {·, ·}) into a smaller one where the degeneracies induced by the group invariance have disappeared. When M happens to be a symplectic manifold with symplectic form ω and the G-group action has a momentum map J : M → g * associated, the reduction procedure can be adapted to this category using the so called symplectic or Marsden-Weinstein reduction [MW74, SL91, ACG91, BL97, O98, CS01, OR02b] . For the last thirty years, MarsdenWeinstein reduction has been a major tool in the construction of new symplectic manifolds and in the study of mechanical systems with symmetry.
More recently, a new momentum map, we call it optimal momentum map, has been introduced [OR02a] . This object is partially inspired by the distribution theoretical approach to the conservation laws induced by symmetry that one can find in the works of Cartan [C22] . The use of this tool allows the construction of symplectically reduced spaces purely within the Poisson category under hypotheses that do not necessarily imply the existence of a (standard or group valued [AMM98] ) momentum map. For a proof of these facts please check with [O02a] . All along this paper we will refer to the construction of Marsden-Weinstein reduced spaces with the help of the optimal momentum map as optimal reduction.
In this paper we will study three main topics:
(i) Optimal orbit reduction: in the classical theory of symplectic reduction there are two equivalent approaches to the construction of the symplectic quotients, namely, point [MW74] and orbit reduction [Mar76, KKS78] . The analog of point reduction in the optimal context has been carried out in [OR02a, O02a] . In the first part of this paper we will concentrate in the development of an optimal orbit reduction procedure.
(ii) Symplectic leaves and polar reduced spaces: when a canonical, proper, and free action of a connected Lie group G on a symplectic manifold (M, ω) has an equivariant momentum map
Optimal reduction by stages: Suppose that we are in the same setup as in point (ii). Let N ⊂ G be a closed normal subgroup of G. The Reduction by Stages Theorem [MMPR98, MMOPR02] states that in such a situation we can carry out symplectic reduction in two shots: we first reduce by the N action; the resulting reduced space inherits some symmetry properties from the quotient group G/N that can be used to perform symplectic reduction one more time. The resulting reduced space is naturally symplectomorphic to the one-shot reduced space that one obtains by just using the G-action. We will see that this procedure can be reproduced in the optimal context without any hypothesis on the freeness of the action. As a byproduct we will obtain a Singular Reduction by Stages Theorem that will generalize the results in [MMPR98, MMOPR02] to the non free actions case.
The pair (C ∞ (M/A g ρ = {ξ ∈ g | ξ M (m) ∈ T m J −1 (ρ), for all m ∈ J −1 (ρ)} (2.5)
or, equivalently g ρ = {ξ ∈ g | exp tξ ∈ G ρ , for all t ∈ R}. (2.6)
(ii) With this smooth structure for G ρ , the left action Φ ρ : G ρ ×J −1 (ρ) → J −1 (ρ) defined by Φ ρ (g, z) := Φ(g, z) is smooth.
(iii) This action has fixed isotropies, that is, if z ∈ J −1 (ρ) then (G ρ ) z = G z , and G m = G z for all m ∈ J −1 (ρ).
(iv) Let z ∈ J −1 (ρ) arbitrary. Then,
(2.7)
Proof. For (i) through (iii) check with [O02a] . We prove (iv): the inclusion g ρ · z ⊂ A ′ G (z) ∩ g · z is a consequence of (2.5). Conversely, let X f (z) = ξ M (z) ∈ A ′ G (z) ∩ g · z, with f ∈ C ∞ (M ) G and ξ ∈ g. The G-invariance of the function f implies that [X f , ξ M ] = 0, and hence, if F t is the flow of X f and G t is the flow of ξ M (more explicitly G t (m) = exp tξ · m for any m ∈ M ), then F t • G s = G s • F t . By one of the Trotter product formulas (see [AMR99, Corollary 4.1.27]), the flow H t of X f − ξ M is given by for any m ∈ M . Consequently, as X f (z) = ξ M (z), the point z ∈ M is an equilibrium of X f − ξ M , hence F t (exp −tξ · z) = z or, analogously exp tξ · z = F t (z). Applying J on both sides of this equality, and taking into account that F t is the flow of a G-invariant Hamiltonian vector field, it follows that exp tξ · ρ = ρ, and hence ξ ∈ g ρ by (2.6) . Thus ξ M (z) ∈ g ρ · z, as required.
Recall that we say that N is an initial submanifold of the smooth manifold M when the inclusion i : N → M is a smooth immersion that satisfies that for any manifold Z, a mapping f : Z → N is smooth iff i • f : Z → M is smooth. The initial submanifold structure is unique in the sense that if N admits another smooth structure, call it N ′ , that makes it into an initial submanifold of M , then the identity map id N : N → N ′ is a diffeomorphism. Indeed, as the injection N ֒→ M is smooth and N ′ is by hypothesis initial then, the identity map id N : N → N ′ is smooth. As the same argument can be made for id N ′ : N ′ → N , the result follows. We finish this section by emphasizing that the structure of the momentum space M/A ′ G may become very intricate. The following example shows that even when the G-action is very simple and the corresponding orbit space M/G = M/A G is a quotient regular manifold, the associated momentum space M/A ′ G does not need to share those properties.
Example 2.2 Let M := T 2 × T 2 be the product of two tori whose elements we will denote by the four-tuples (e iθ1 , e iθ2 , e iψ1 , e iψ2 ). We endow M with the symplectic structure ω defined by ω := dθ 1 ∧ dθ 2 + √ 2 dψ 1 ∧ dψ 2 . We now consider the canonical circle action given by e iφ · (e iθ1 , e iθ2 , e iψ1 , e iψ2 ) := (e i(θ1+φ) , e iθ2 , e i(ψ1+φ) , e iψ2 ). First of all, notice that since the circle is compact and acts freely on M , the corresponding orbit space M/A S 1 is a smooth manifold such that the projection π A S 1 : M → M/A S 1 is a surjective submersion. The polar distribution A 
The level sets of the momentum map and the associated isotropies
By construction, the fibers of J are the leaves of an integrable generalized distribution and thereby initial immersed submanifolds of M [Daz85] . We summarize this and other elementary properties of the fibers of J in the following proposition. (ii) There is a unique symplectic leaf L of (M, {·, ·}) such that J −1 (ρ) ⊂ L.
(iii) Let m ∈ M be an arbitrary element of J −1 (ρ). Then, J −1 (ρ) ⊂ M Gm , with M Gm := {z ∈ M | G z = G m }.
In the sequel we will denote by L ρ the unique symplectic leaf of M that contains J −1 (ρ). Notice that as L ρ is also an immersed initial submanifold of M , the injection i Lρ : J −1 (ρ) ֒→ L ρ is smooth. From the point of view of the optimal momentum map the existence of a standard (g * or G-valued) momentum map can be seen as an integrability feature of the G-characteristic distribution that makes the fibers of J particularly well-behaved. Indeed, it can be proved that when M is a symplectic manifold and the G-action has a standard momentum map associated then, the fibers J −1 (ρ) of the optimal momentum map are closed imbedded submanifolds of M . More generally, if J −1 (ρ) is closed as a subset of the isotropy type submanifold M H in which it is sitting, then (see [OR02a] )
• J −1 (ρ) is a closed embedded submanifold of M H and therefore an embedded submanifold of M , and
• the isotropy subgroup G ρ of ρ ∈ A ′ G is a closed embedded Lie subgroup of G.
The dual pair associated to the optimal momentum map
We mentioned in the introduction that the standard momentum map can be used to construct a dual pair in the sense of Lie [Lie90] and Weinstein [W83] . The notions of duality and dual pair have been generalized in [O02] in such way that in many situations the optimal momentum map provides an example of these newly introduced dual pairs. We now briefly recall some of the notions introduced in [O02] . For the details and proofs of the following facts the reader is encouraged to check with the original paper.
Definition 2.4 Let M be a smooth manifold. A pseudogroup of transformations or pseudogroup of local diffeomorphisms A of M is a set of local diffeomorphisms of M that satisfy: (iii) For every open set U of M , the identity transformation of U is in A.
Let A be a pseudogroup of transformations on a manifold M and ∼ be the relation on M defined by: for any x, y ∈ M , x ∼ y if and only if there exists φ ∈ A such that y = φ(x). Remark 2.6 We say that the pseudogroup A has the extension property when any A-invariant
If the pseudosubgroup A has the extension property, there is a simpler polar family, we will call it A ′ ext , that can be used to generate A ′ , namely
In particular, if A = A G , that is, the Poisson diffeomorphism group associated to a proper canonical Gaction, the extension property is always satisfied and hence A Poisson subgroups satisfying this condition are referred to as von Neumann subgroups. In our discussion on orbit reduction we will use a slightly less demanding condition, namely, we will need group actions such that
A group action that satisfies (2.10) is called weakly von Neumann. Obviously, if A G is von Neumann it is weakly von Neumann. Given that A ′′ G is spanned by Hamiltonian vector fields, the weak von Neumann condition (2.10) implies that for any z ∈ M sitting in the symplectic leaf L z we have that
0 is the connected component of G containing the identity, the orbit G 0 · z is contained in the symplectic leaf L z . We say that the group A G is weakly Hamiltonian when for every element g ∈ G and any m ∈ M we can write
ti the flow of a Hamiltonian vector field X hi associated to a function h i ∈ C ∞ (M ) G c that centralizes the G-invariant functions on M . It is clear that connected Lie group actions that have a standard (g * or G-valued) momentum map associated are weakly Hamiltonian. The importance of this condition in relation to our dual pairs is linked to the fact that weakly Hamiltonian proper actions induce von Neumann subgroups. For a proof of this fact and for other situations where the von Neumann condition is satisfied see [O02] . A (V ) then, the vector field X h•πA|U belongs to the standard polar family A ′ and therefore its flow (F t , Dom(F t )) uniquely determines a local Poisson diffeomorphism (F t , π A (Dom(F t ))) of M/A. We will say that (F t , π A (Dom(F t ))) is the Hamiltonian flow associated to h. The symplectic leaves of M/A will be defined as the accessible sets in this quotient by finite compositions of Hamiltonian flows. It is not clear how to define these flows by projection of A-equivariant flows when A is a pseudogroup of local transformations of M , hence we will restrict in this section to the case in which A is an actual group of Poisson diffeomorphisms. 
Dual pairs, reduced spaces, and symplectic leaves
is a dual pair then the map One of our goals in the following pages will consist of describing the symplectic leaves of the Poisson varieties in the legs of the diagram (M/G, {·, ·} M/AG )
which, in some situations will coincide with the symplectic reduced spaces that constitute one of the main themes of our work. We emphasize that in order to have well defined symplectic leaves in the Poisson
) it is very important that A G is an actual group and not just a local group of Poisson transformations and the same with the polar pseudogroup that generates A ′ G . When the manifold M is symplectic and the G-group action is proper it can be proved that there exists a polar family A c ′ G made only of complete vector fields (see [O02] ) which shows that
is the quotient space by a Poisson group action and that, therefore, its symplectic leaves are well-defined. In general we say that A ′ G is completable whenever there exists a polar family A c ′ G made only of complete vector fields.
Optimal reduction
We start by recalling the basics of the classical symplectic or Marsden-Weinstein reduction theory. Let (M, ω) be a symplectic manifold and G be a compact connected Lie group acting freely on (M, ω) by symplectomorphisms. Suppose that this action has a standard equivariant momentum map J : M → g * associated. There are two equivalent approaches to reduction that can be found in the literature:
• Point reduction: it is preferable for applications in dynamics. The point reduction theorem says that for any µ ∈ J(M ) ⊂ g * , the quotient J −1 (µ)/G µ is a symplectic manifold with symplectic form ω µ uniquely determined by the equality
where G µ is the isotropy subgroup of the element µ ∈ g * with respect to the coadjoint action of G on g * , i µ : J −1 (µ) ֒→ M is the canonical injection, and π µ : J −1 (µ) → J −1 (µ)/G µ the projection onto the orbit space.
• Orbit reduction: this approach is particularly important in the treatment of quantization questions. Let O be the coadjoint orbit of some element µ ∈ J(M ). The subset J −1 (O) is a smooth submanifold of M and the quotient J −1 (O)/G is a regular symplectic quotient manifold with the symplectic form ω O determined by the equality
where
, and ω + O the "+" orbit symplectic structure on O (also called Kostant-Kirillov-Souriau -KKS for short-symplectic structure). The use of the orbit reduction approach is particularly convenient when we are interested in the study of the geometry of the orbit space M/G as a Poisson manifold. Indeed, the connected components of J −1 (O)/G constitute the symplectic leaves of M/G and expression (3.1) appears as a corollary of the theory of dual pairs. Indeed, as we already said in the introduction, 
→ (P 2 , {·, ·} P2 ) and π 1 and π 2 have connected fibers, its symplectic leaves are in bijection. Moreover, if two symplectic leaves L 1 ⊂ P 1 and L 2 ⊂ P 2 are in correspondence, their symplectic structures ω L1 and ω L2 are linked by the equality
where K ⊂ M is the leaf of the integrable distribution ker T π 1 +ker T π 2 that contains both π
. Therefore, if we assume that J has connected fibers, expression (3.1) appears as a corollary of (3.2), given that J(O)/G and O are symplectic leaves in correspondence of M/G and
The use of the optimal momentum map allows the extension of these reduction procedures to far more general situations. Indeed, as we will see in the following paragraphs, the optimal approach allows the construction of symplectically reduced spaces purely within the Poisson category under hypothesis that do not necessarily imply the existence of a standard momentum map. Moreover, we will develop an orbit reduction procedure that in the context of the dual pairs reviewed in Section 2.3 reproduces the beautiful interplay between symplectic reduction and Poisson geometry that we just reviewed. We begin our study with point reduction.
Optimal point reduction
The study of this approach has been carried out in [O02a] . We reproduce here the main result in that paper. In the statement we will denote by π ρ : J −1 (ρ) → J −1 (ρ)/G ρ the canonical projection onto the orbit space of the G ρ -action on J −1 (ρ) defined in Proposition 2.1. 
We will refer to the pair (M ρ , ω ρ ) as the (optimal) point reduced space of (M, {·, ·}) at ρ.
Remark 3.2 Let i Lρ : J −1 (ρ) ֒→ L ρ be the natural smooth injection of J −1 (ρ) into the symplectic leaf (L ρ , ω Lρ ) of (M, {·, ·}) in which it is sitting. As L ρ is an initial submanifold of M , the injection i Lρ is a smooth map. The form ω ρ can also be written in terms of the symplectic structure of the leaf L ρ as
The reader should be warned that this statement does NOT imply that the previous theorem could be obtained by just performing symplectic optimal reduction [OR02a] in the symplectic leaves of the Poisson manifold, basically because those leaves are not G-manifolds. Recall that the fact that the G-action is Poisson does not imply that it preserves the symplectic leaves.
In view of this remark we can obtain the standard Symplectic Stratification Theorem of Poisson manifolds as a straightforward corollary of Theorem 3.1 by taking the group G = {e}. In that case the distribution A ′ G coincides with the characteristic distribution of the Poisson manifold and the level sets of the optimal momentum map, and thereby the symplectic quotients M ρ , are exactly the symplectic leaves. We explicitly point this out in our next statement. 
These leaves are symplectic initial submanifolds of M .
Remark 3.4
The only extra hypothesis in the statement of Theorem 3.1 with respect to the hypotheses used in the classical reduction theorems is the properness of the G ρ -action on J −1 (ρ). This is a real hypothesis in the sense that the properness of the G ρ -action is not automatically inherited from the properness of the G-action on M , as it used to be the case in the presence of a standard momentum map (see [OR02a] ). For an example illustrating that this is really the case the reader may want to check with [O02a] .
The interest of reduction in Poisson dynamics is justified by the following result whose proof is a simple diagram chasing exercise. 
G be another G-invariant function on M and {·, ·} ρ be the Poisson bracket associated to the symplectic form ω ρ on M ρ . Then, {h, k} ρ = {h ρ , k ρ } ρ .
The symplectic case and Sjamaar's Principle
In the next few paragraphs we will see that when M is a symplectic manifold with form ω, the optimal point reduction by the G-action on M produces the same results as the reduction of the isotropy type submanifolds by the relevant remaining group actions on them. In the globally Hamiltonian context, that is, in the presence of a G-equivariant momentum map, this idea is usually referred to as Sjamaar's principle [S90, SL91] .
Let J : M → M/A ′ G be the optimal momentum map corresponding to the proper G-action on (M, ω). Fix ρ ∈ M/A ′ G a momentum value of J and let H ⊂ G be the unique G-isotropy subgroup such that J −1 (ρ) ⊂ M H and G ρ ⊂ H. Recall that the normalizer N (H) of H in G acts naturally. This action induces a free action of the quotient group L :
H is a symplectic embedded submanifold of M where the group L ρ acts freely and canonically. We will denote by
′ L ρ the associated optimal momentum map. The following proposition explains the interest of this construction. We omit the proof since it is a straightforward consequence of the existence of local G-invariant extensions to M for the L ρ -invariant smooth functions defined in M ρ H that has been proved in Lemma 4.4 of [OR02a] . 
Definition 3.7 Suppose that we are under the hypotheses of the previous proposition. We will refer to the symplectic reduced space
The space for optimal orbit reduction
The main difference between the point and orbit reduced spaces is in the invariance properties of the submanifolds out of which they are constructed. More specifically, if we mimic the standard orbit reduction procedure using the momentum map, the optimal orbit reduced space that we should study is
Hence, the first question that we have to tackle is: is there a canonical smooth structure for J −1 (O ρ ) and J −1 (O ρ )/G that we can use to carry out the orbit reduction scheme in this framework?
We will first show that there is an affirmative answer for the smooth structure of J −1 (O ρ ). The main idea that we will prove in the following paragraphs is that J −1 (O ρ ) can be naturally endowed with the unique smooth structure that makes it into an initial submanifold of M . We start with the following proposition whose proof can be found in the appendix. As we already said, a general fact about integrable generalized distributions [Daz85] states that the smooth structure on a subset of M that makes it into a maximal integral manifold of a given distribution coincides with the unique smooth structure that makes it into an initial submanifold of M . Therefore, the previous proposition shows that the sets G 0 · J −1 (ρ) are initial submanifolds of M . For the proof of the following proposition see the appendix.
Proposition 3.9 Suppose that we have the same setup as in Proposition 3.8. If either
is free and proper and therefore, the corresponding orbit space
is a smooth regular quotient manifold. We will denote by π Gρ :
By using the previous propositions we will now show that, in the presence of the standard hypotheses for reduction, J −1 (O ρ ) is an initial submanifold of M whose connected components are the also initial submanifolds gG
We start with the following definition: 
In these circumstances, by Proposition 3.9, the twist product G × Gρ J −1 (ρ) has a canonical smooth structure. Consider in the set J −1 (O ρ ) the smooth structure that makes the bijection
We will refer to this structure as the initial smooth structure of
The following theorem justifies the choice of terminology in the previous definition and why we will be able to refer to the smooth structure there introduced as THE initial smooth structure of J −1 (O ρ ).
Theorem 3.11 Suppose that we are in the same setup as in Definition 3.10. Then, the set J −1 (O ρ ) endowed with the initial smooth structure is an actual initial submanifold of M that can be decomposed as a disjoint union of connected components as Proof. First of all notice that the sets gG 0 · J −1 (ρ) are clearly maximal integral submanifolds of D by part (ii) in Proposition 3.8. As a corollary of this, they are the connected components of J −1 (O ρ ) endowed with the smooth structure in Definition 3.11. Indeed, let S be the connected component of
is a manifold, it is locally connected, and therefore its connected components are open and closed. In particular, since S is an open connected subset of
in Proposition 3.9 shows that S is a connected integral submanifold of D. By the maximality of
As it is a leaf of a smooth integrable distribution on M , it is also an initial submanifold of 
Given that for each index α the map f α : Z α → M obtained by restriction of f to Z α is smooth, the corresponding mapf α : Z α → S α defined by the identity i α •f α = f α is also smooth by the initial character of S α . Letf : Z → N be the map obtained by union of the mappingsf α . This map is smooth and satisfies that i N •f = f which proves that N is initial.
We now prove Expression (3.5). First of all notice that as G 0 is normal in G, the set G 0 G ρ is a (in principle not closed) subgroup of G. We obviously have that
, which implies that (3.6) can be refined to
It only remains to be shown that this union is disjoint:
If we apply J to both sides of this equality we obtain that gh
We finally show that when G ρ is closed in G, the topology on J −1 (O ρ ) induced by its initial smooth structure coincides with the initial topology induced by the map J J −1 (Oρ) :
. Recall first that this topology is characterized by the fact that for any topological space Z and any map φ :
Moreover, as the family {J
} is a subbase of this topology, the initial topology on J −1 (O ρ ) induced by the map J J −1 (Oρ) is first countable. We prove that this topology coincides with the topology induced by the initial smooth structure on
as a topological space with the initial topology induced by J J −1 (Oρ) . Indeed, f is continuous if and only if the map
continuous, which in turn is equivalent to the continuity of the map G × J −1 (ρ) → G/G ρ defined by (g, z) −→ gG ρ , which is true. We now show that the inverse f −1 :
is first countable it suffices to show that for any convergent sequence
We now notice that for any m ∈ V we can write that
Consequently, as
the continuity of f −1 is guaranteed.
The symplectic orbit reduction quotient
We will know show that the quotient J −1 (O ρ )/G can be endowed with a smooth structure that makes it into a regular quotient manifold, that is, the projection π Oρ :
/G is a smooth submersion. We will carry this out under the same hypotheses present in Definition 3.10, that is, G ρ acts properly on J −1 (ρ). First of all notice that as
is smooth. We will prove that J −1 (O ρ )/G is a regular quotient manifold by showing that this action is actually proper and satisfies that all the isotropy subgroups are conjugate to a given one. Indeed, recall that the initial manifold structure on J −1 (O ρ ) is the one that makes it G-equivariantly diffeomorphic to the twist product G × Gρ J −1 (ρ) when we take in this space the G-action given by
. Therefore, it suffices to show that this G-action has the desired properties. First of all this action is proper since a general property about twist products (see [OR02b] ) says that the G-action on G × Gρ J −1 (ρ) is proper iff the G ρ -action on J −1 (ρ) is proper, which we supposed as a hypothesis. We now look at the isotropies of this action: in Proposition 2.3 we saw that all the elements in J −1 (ρ) have the same G-isotropy, call it H. As H ⊂ G ρ , this is also their G ρ -isotropy. Now, using a standard property of the isotropies of twist products [OR02b] , we have that
The quotient manifold J −1 (O ρ )/G is naturally diffeomorphic to the symplectic point reduced space. Indeed,
This diffeomorphism can be explicitly implemented as follows. Let l ρ :
commutative. L ρ is a smooth bijection. In order to show that its inverse is also smooth we will think of
This map is G-invariant and therefore drops to another smooth mapping
ρ , the inverse of L ρ , which is consequently a diffeomorphism.
The orbit reduced space J −1 (O ρ )/G can be therefore trivially endowed with a symplectic structure ω Oρ by defining ω Oρ := (L −1 ρ ) * ω ρ . We put together all the facts that we just proved in the following theorem-definition: 
(i) There is a unique smooth structure on
restriction of the G-action on M is smooth and proper and all its isotropy subgroups are conjugate to a given compact isotropy subgroup of the G-action on M .
(iii) The quotient M Oρ := J −1 (O ρ )/G admits a unique smooth structure that makes the projection
(iv) The quotient M Oρ := J −1 (O ρ )/G admits a unique symplectic structure ω Oρ that makes it symplectomorphic to the point reduced space M ρ . We will refer to the pair (M Oρ , ω Oρ ) as the (optimal) orbit reduced space of (M, {·, ·}) at O ρ .
In this setup we can easily formulate an analog of Theorem 3.5. We conclude this section with a brief description of the orbit version of the regularized reduced spaces introduced in Definition 3.7 for the symplectic case. If we follow the prescription introduced in Section 3.3 using the L ρ -action on M ρ H we are first supposed to study the set
Moreover, if we use the statements in Proposition 3.7 it is easy to see that
The equality is a straightforward consequence of the fact that for any g ∈ G,
The last relation implies that if g, g
. We now show that the union in (3.8) is indeed disjoint: let gn · z ∈ J −1 (N g·ρ ) and
where the symbol X(U ) G denotes the set of G-equivariant vector fields defined on U . Let B ′ G be the pseudogroup of transformations of M consisting of the G-equivariant flows of the vector fields that span B ′ G . Now, as the points n · z, n
The polar reduced spaces
As we already recalled in the introduction to this section, the standard theory of orbit reduction provides a characterization of the symplectic form of the orbit reduced spaces in terms of the symplectic structures of the corresponding coadjoint orbits that, from the dual pairs point of view, play the role of the symplectic leaves of the Poisson manifold in duality, namely J(M ) ⊂ g * . We will now show that when the group of Poisson transformations A G is von Neumann (actually we just need weakly von Neumann), that is, when the diagram (M/G, {·, ·} M/AG )
) is a dual pair in the sense of Definition 2.7, the classical picture can be reproduced in this context. More specifically, in this section we will show that:
• The symplectic leaves of (M/A ′ G , {·, ·} M/A ′ G ) admit a smooth presymplectic structure that generalizes the Kostant-Kirillov-Souriau symplectic structure in the coadjoint orbits of the dual of a Lie algebra in the sense that they are homogeneous presymplectic manifolds. We will refer to these "generalized coadjoint orbits" as polar reduced spaces.
• The presymplectic structure of the polar reduced spaces is related to the symplectic form of the orbit reduced spaces introduced in the previous section via an equality that holds strong resemblance with the classical expression (3.1). Also, it is possible to provide a very explicit characterization of the situations in which the polar reduced spaces are actually symplectic.
• When the manifold M is symplectic, the polar reduced space decomposes as a union of embedded symplectic submanifolds that correspond to the polar reduced spaces of the regularizations of the orbit reduced space. Each of these symplectic manifolds is a homogeneous manifold and we will refer to them as the regularized polar reduced subspaces.
We start with a proposition that spells out the smooth structure of the polar reduced spaces. In this section we use a stronger hypothesis on G ρ with respect to the one we used in the previous section, namely, we will assume that G ρ is closed in G which, as we point out in the proof of Proposition 3.9, implies that the G ρ action on J −1 (ρ) is proper. 
is a smooth surjective submersion. We will refer to M ′ Oρ as the polar reduced space.
Proof. Let m ∈ J −1 (O ρ ). By Proposition 3.9 we have that
is generated by the vector fields of the form X ′ f and it is therefore smooth. It is also integrable since for any point
. This all shows that the leaf space
G is a regular quotient manifold we first notice that
is in bijection with the quotient G/G ρ that, by the hypothesis on the closedness of G ρ is a smooth homogeneous manifold. Take in M
G the smooth structure that makes the bijection with G/G ρ a diffeomorphism. It turns out that that smooth structure is the unique one that makes M ′ Oρ into a regular quotient manifold since it can be readily verified that the map
−→ gG ρ is a surjective submersion.
We now introduce the regularized polar reduced subspaces of M ′ Oρ , available when M is symplectic. We retake the ideas and notations introduced just above (3.8).
A straightforward application of Proposition 3.6 implies that the reduced space polar to (J −1 
Equivalently, we have that
where the quotient gN (H) ρ /G ρ denotes the orbit space of the free and proper action of G ρ on gN (H)
Before we state our next result we need some terminology. We will denote by 
We define the set of Whitney smooth functions
The definitions and the fact that J Oρ is a submersion imply that 
A sufficient (but not necessary!) condition for M ′ Oρ to be Whitney spanned is that
We are now in the position to state the main results of this section. When the Poisson manifold (M, {·, ·}) is actually a symplectic manifold with symplectic form ω the von Neumann condition in the previous result is no longer needed. Moreover, the conditions under which the form ω ′ Oρ is symplectic can be completely characterized and the regularized polar subspaces appear as symplectic submanifolds of the polar space that contains them. Remark 3.20 The characterization (3.14) of the symplecticity of ω ′ Oρ admits a particularly convenient reformulation when the G-action on the symplectic manifold (M, ω) admits an equivariant momentum map J : M → g * . Indeed, let z ∈ M be such that J(z) = µ ∈ g * and G z = H. Then, if the symbol G µ denotes the coadjoint isotropy of µ, (3.14) is equivalent to
With this notation, the condition can be rewritten as g µ + h ⊂ Lie(N Gµ (H)) + h ⊂ g µ or, equivalently, as
Proof of Theorem 3.17. As A G is weakly von Neumann we have that for any z ∈ M g · z ⊂ A ′′ G (z) or, equivalently, that for any z ∈ M and any ξ ∈ g, there is a A
. Expression (3.12) can then be rewritten as
We now show that ω ′ Oρ is well defined. Indeed, let z
First of all these equalities imply the existence of an element F T in the polar pseudogroup of A G such that z ′ = F T (z). As F T is a local diffeomorphism that such that J Oρ • F T = J Oρ , we have that
′ , respectively, which implies the existence of two functions
or, equivalently:
Therefore, using (3.12), we have that
where V = U ∩F T (Dom(F T )) = F T (U ∩Dom(F T )). Hence, the form ω 
Given that the previous equality holds for any h ∈ W ∞ (M as the form characterized by equality (3.18) and we recall that in the symplectic case ω LO ρ = ω.
It just remains to be shown that the form ω ′ Oρ is non degenerate if and only if condition (3.14) holds. We proceed by showing first that if condition (3.14) holds for the point z ∈ J −1 (O ρ ) then it holds for all the points in J −1 (O ρ ). We will then prove that (3.14) at the point z is equivalent to the non degeneracy of ω ′ Oρ at J Oρ (z). Suppose first that the point
Notice now that any element in J −1 (O ρ ) can be written as Φ g (F T (z)) with g ∈ G and F T in the polar pseudogroup of A G . It is easy to show that the relation
for all η ∈ g (3.23) which by (3.13) can be rewritten as
and thereby amounts to having that
. Suppose now that condition (3.14) holds; then, as
, as required. Conversely, suppose that ω ′ Oρ is symplectic. The previous equalities immediately imply that
Nρ is clearly closed and antisymmetric. We now show that it is non degenerate. Recall firs that the tangent space to T z J −1 (N ρ ) at a given point z ∈ J −1 (N ρ ) is given by the vectors of the
If we plug into the previous expression the definition of the form ω ′ Oρ we obtain that
, where the last equality follows from (2.1) and the freeness of the natural N (H)
ρ /H-action on M ρ H . We now recall (see Lemma 4.4 in [OR02a] ) that any
Symplectic leaves and the reduction diagram
Suppose that A ′ G is completable so that the symplectic leaves of M/A ′ G are well defined. We recall that this is automatically the case when (M, ω) is symplectic and the G-group action is proper (see [O02] ).
Assume also that A G is von Neumann so that the diagram (M/G, {·, ·} M/AG )
Notice that by Definition 2.8, the symplectic leaves of M/A G and M/A ′ G coincide with the connected components of the orbit reduced spaces M Oρ and polar reduced spaces M ′ Oρ , that we studied in sections 3.4 and 3.5, respectively. We saw that whenever G ρ is closed in G and the Whitney spanning condition is satisfied these spaces are actual symplectic manifolds. When M is symplectic, the symplecticity of the leaves of M/A ′ G is characterized by condition (3.14) or even by (3.16), provided that the G-action has a standard equivariant momentum map J : M → g * associated. Moreover, when M Oρ and M ′ Oρ are corresponding leaves, their symplectic structures are connected to each other by an identity that naturally generalizes the classical relation that we recalled in (3.2).
The following diagram represents all the spaces that we worked with and their relations. The part of the diagram dealing with the regularized spaces refers only to the situation in which M is symplectic.
e e e e e u 
Orbit reduction using the standard momentum map. Beyond compact groups
The approach to optimal orbit reduction developed in the last few sections sheds some light on how to carry out orbit reduction with a standard momentum map when the symmetry group is not compact. This absence of compactness poses some technical problems that have been tackled by various people over the years using different approaches. Since these problems already arise in the free actions case we will restrict ourselves to this situation. More specifically we will assume that we have a Lie group G (not necessarily compact) acting freely and canonically on the symplectic manifold (M, ω). We will suppose that this action has a coadjoint equivariant momentum map J : M → g * associated. For the sake of simplicity in the exposition and in order to have a better identification with the material presented in the previous sections we will assume that J has connected fibers. This assumption is not fundamental. The reader interested in the general case with no connectedness hypothesis in the fibers and non free actions may want to check with [OR02b] .
In the presence of the hypotheses that we just stated, the momentum map J is a submersion that maps M onto an open coadjoint equivariant subset g * J of g * . Moreover, any value µ ∈ g * J of J is regular and has a smooth Marsden-Weinstein symplectic reduced space J −1 (µ)/G µ associated. What about the orbit reduced space J −1 (O µ )/G? When the Lie group G is compact there is no problem to canonically endow J −1 (O µ )/G with a smooth structure. Indeed, in this case the coadjoint orbit O µ is an embedded submanifold of g * transverse to the momentum mapping. The Transversal Mapping Theorem ensures that J −1 (O µ ) is a G-invariant embedded submanifold of M and hence the quotient J −1 (O µ )/G is smooth and symplectic with the form spelled out in (3.1). In the non compact case this argument breaks down due to the non embedded character of O µ in g * . In trying to fix this problem this has lead to the assumption of locally closedness on the coadjoint orbits that one can see in a number of papers (see for instance [BL97] ). Nevertheless, this hypothesis is not needed to carry out point reduction, and therefore makes the two approaches non equivalent. The first work where this hypothesis has been eliminated is [CS01] . In this paper the authors use a combination of distribution theory with Sikorski differential spaces to show that the orbit reduced space is a symplectic manifold. Nevertheless, the first reference where the standard formula (3.1) appears at this level of generality is [Bl01] . In that paper the author only deals with the free case. Nevertheless the use of a standard technique of reduction to the isotropy type manifolds that the reader can find in [SL91, O98, CS01, OR02b] generalizes the results of [Bl01] to singular situations.
In the next few paragraphs we will illustrate Theorem 3.17 by showing that the results in [CS01, Bl01] can be obtained as a corollary of it.
We start by identifying in this setup all the elements in that result. First of all, we have that the polar distribution satisfies A ′ G = ker T J (see [OR02a] ) and the connectedness hypothesis on the fibers of J implies that the optimal momentum map J : M → M/A ′ G in this case can be identified with J : M → g * J . This immediately implies that for any µ ∈ g * J ≃ M/A ′ G , the isotropy G µ is closed in G and, by Theorem 3.11 there is a unique smooth structure on J −1 (O µ ) that makes it into an initial submanifold of M and, at the same time, an integral manifold of the distribution
This structure coincides with the one given in [Bl01] . Also, by Theorem 3.13, the quotient J −1 (O µ )/G admits a unique symplectic structure ω Oµ that makes it symplectomorphic to the Marsden-Weinstein point reduced space (J −1 (µ)/G µ , ω µ ). It remains to be shown that we can use (3.13) in this case and that the resulting formula coincides with the standard one (3.1) provided by [Bl01] . An analysis of the polar reduced space in this setup will provide an affirmative answer to this question.
By Proposition 3.15 the polar reduced space J(O µ )/A ′ G is endowed with the only smooth structure that makes it diffeomorphic to the homogeneous space G/G µ ≃ O µ . Hence, in this case J Oµ :
O µ is the map given by J Oµ (z) := J(z) which is smooth because the coadjoint orbits are always initial submanifolds of g * . Therefore we can already compute the polar symplectic form ω ′ Oµ . By (3.13) we have that for any ξ, η ∈ g and any z ∈ J −1 (O µ ) (for simplicity in the exposition we take J(z) = µ):
In conclusion, in this case the polar reduced form ω ′ Oµ coincides with the "+"-Kostant-Kirillov-Souriau symplectic form on the coadjoint orbit O µ . Therefore, the general optimal orbit reduction formula (3.13) coincides with the standard one (3.1).
Examples: the polar reduction of the coadjoint action
We now provide two examples on how we can use the coadjoint action along with Theorems 3.17 and 3.19 to easily produce symplectic manifolds and symplectically decomposed presymplectic manifolds.
The coadjoint orbits as polar reduced spaces
Let G be a Lie group, g be its Lie algebra, and g * be its dual considered as a Lie-Poisson space. In this elementary example we show how the coadjoint orbits appear as the polar reduced spaces of the coadjoint G-action on g * . A straightforward computation shows that the coadjoint action of G on the Lie-Poisson space g * is canonical. Moreover, the polar distribution A ′ G (µ) = 0 for all µ ∈ g * and therefore the optimal momentum map J : g * → g * is the identity map on g * . This immediately implies that any open set
, and that therefore g · µ ⊂ A ′′ G (µ), for any µ ∈ g * . The coadjoint action on g * is therefore weakly von Neumann (actually, if G is connected A G is von Neumann).
We now look at the corresponding reduced spaces. On one hand the orbit reduced spaces J −1 (O ρ )/G are the quotients G·µ/G and therefore amount to points. At the same time, we have that
that is, the polar reduced spaces are the coadjoint orbits which, by Theorem 3.17, are symplectic. Indeed, the Whitney spanning condition necessary for the application of this result is satisfied since in this case span{df (
Note that the last equality is a consequence of the immersed character of the coadjoint orbits O µ as submanifolds of g * (the equality is easily proved using immersion charts around the point µ).
Symplectic decomposition of presymplectic homogeneous manifolds
Let G be a Lie group, g be its Lie algebra, and g * be its dual. Let O µ1 and O µ2 be two coadjoint orbits of g * that we will consider as symplectic manifolds endowed with the KKS-symplectic forms ω Oµ 1 and ω Oµ 2 , respectively. The cartesian product O µ1 × O µ2 is also a symplectic manifold with the sum symplectic form ω Oµ 1 + ω Oµ 2 . The diagonal action of G on O µ1 × O µ2 is canonical with respect to this symplectic structure and, moreover, it has a standard equivariant momentum map J : O µ1 × O µ2 → g * associated given by J(ν, η) = ν + η. We now suppose that this action is proper and we will study, in this particular case, the orbit and polar reduced spaces introduced in the previous sections.
We start by looking at the level sets of the optimal momentum map J :
A general result (see Theorem 3.6 in [OR02a] ) states that in the presence of a standard momentum map the fibers of the optimal momentum map coincide with the connected components of the intersections of the level sets of the momentum map with the isotropy type submanifolds. Hence, in our case, if ρ = J (µ 1 , µ 2 ), we have that
where the subscript c in the previous expression stands for the connected component of
Given that the isotropy G (µ1,µ2) = G µ1 ∩ G µ2 , with G µ1 and G µ2 the coadjoint isotropies of µ 1 and µ 2 , respectively, the expression (3.25) can be rewritten as
It is easy to show that in this case
where the superscript c denotes the closed subgroup of
Theorems 3.1 and 3.13 guarantee that the quotients
Nevertheless, we will focus our attention in the corresponding polar reduced spaces.
According to Theorem 3.19 and to (3.26), the polar reduced space corresponding to J −1 (O ρ )/G is the homogeneous presymplectic manifold
c is symplectic if and only if
which is obviously true when, for instance, G µ1 ∩ G µ2 is a normal subgroup of G µ1+µ2 . In any case, using (3.11) we can write the polar reduced space (3.27) as a disjoint union of its regularized symplectic reduced subspaces that, that in this case are of the form
c with g ∈ G and where the superscript ρ denotes the closed subgroup of N (G µ1 ∩ G µ2 ) that leaves invariant the connected component of (O µ1 × O µ2 ) Gµ 1 ∩Gµ 2 that contains J −1 (ρ). More explicitly, we can write the following symplectic decomposition of the polar reduced space:
What we just did in the previous paragraphs for two coadjoint orbits can be inductively generalized to n orbits. We collect the results of that construction under the form of a proposition.
Proposition 3.21 Let G be a Lie group, g be its Lie algebra, and g * be its dual. Let µ 1 , . . . , µ n ∈ g * . Then, the homogeneous manifold
has a natural presymplectic structure that is nondegenerate if and only if
Moreover, (3.28) can be written as a the following disjoint union of symplectic submanifolds
G/N Gµ 1 +···+µn (G µ1 ∩ . . . ∩ G µn ) c =˙ [g]∈G/N (Gµ 1 ∩...∩Gµ n ) ρ gN (G µ1 ∩ . . . ∩ G µn ) ρ /N Gµ 1 +···+µn (G µ1 ∩ . . . ∩ G µn ) c .
Optimal reduction by stages
As we already described in the introduction, the reduction by stages procedure consists of carrying out reduction in two shots using the normal subgroups of the symmetry group. To be more specific, suppose that we are in the same setup as Theorem 3.1 and that the symmetry group G has a closed normal subgroup N . In this section we will spell out the conditions under which reduction by G renders the same result as reduction in the following two stages: we first reduce by N ; the resulting space inherits symmetry properties coming from the quotient Lie group G/N that can be used to reduce one more time.
In the presence of an equivariant momentum map and freeness in the G-action this procedure has been studied in [MMPR98, MMOPR02] . We will extend the results in those papers to the optimal setup and, as a byproduct, we will obtain a generalization to the singular case (non free actions) of the reduction by stages theorem in the presence of an standard equivariant momentum map.
The polar distribution of a normal subgroup
All along this section we will work on a Poisson manifold (M, {·, ·}) acted properly and canonically upon by a Lie group G. We will assume that G has a closed normal subgroup that we will denote by N . The closedness of N implies that the N -action on M by restriction is still proper and that G/N is a Lie group when considered as a homogenous manifold. We will denote by A 
This condition holds if and only if for all g ∈ G, h ∈ H, and m ∈ M , there exists an element h ′ ∈ H such that
H so it does on the corresponding momentum space M/A ′ H with a natural action that makes the H-optimal momentum map
H and the identity element is an isotropy subgroup of the G-action on M then H is necessarily normal in G. Indeed, in that case for any m ∈ M , g ∈ G, and h ∈ H, there exists an element h
In particular, if we take an element m ∈ M {e} we have that gh = h ′ g or, equivalently that gHg −1 ⊂ H, for all g ∈ G, which implies that H is normal in G.
For future reference we state in the following corollary the claims of Proposition 4.1 in the particular case in which H is a normal subgroup of G. 
Isotropy subgroups and quotient groups
In this section we introduce the relevant groups and spaces for optimal reduction in two stages. In our setup, this fact implies that N ν is an initial Lie subgroup of G ν . We actually check that it is a closed Lie subgroup of G ν . Indeed, let g ∈ G ν be an element in the closure of N ν in G ν . Let {g n } n∈N ⊂ N ν be a sequence of elements in N ν that converges to g in the topology of G ν . As G ν is initial in G we have that g n → g also in the topology of G. Now, as {g n } n∈N ⊂ N and N is closed in G, g ∈ N necessarily. Hence g ∈ N ∩ G ν = N ν , as required. 
, and the N ν -action on J −1 N (ν). Indeed, for any (n, n ′ ) ∈ N ν × N ν and any (g, z) ∈ G ν × J −1 N (ν), the point (gn −1 , n ′ · z) gets sent by this map to gn −1 n ′ · z. As N ν is normal in G ν there exists some n ′′ ∈ N ν such that gn −1 n ′ · z = n ′′ g · z which is in the same N ν -orbit as g · z. Consequently, the map ϕ ν : 
Since the map π ν is a surjective submersion, this chain of equalities implies that (φ
For simplicity in the exposition take F T = F T , with F T the Hamiltonian flow associated to the G-invariant
Therefore, by Noether's Theorem applied to J Hν we have that:
as required.
The optimal reduction by stages theorem
Let m ∈ M be such that ρ = J G (m). Also, let ν = J N (m) and σ = J Hν (π ν (m)). The second part of Proposition 4.5 guarantees that the restriction of π ν to J −1 G (ρ) gives us a well defined map
This map is smooth because J 
Hν (σ) is smooth and (G ρ , (H ν ) σ )-equivariant. Indeed, let g ∈ G ρ and m ∈ J −1 G (ρ) arbitrary. By Lemma 4.4 we know that as G ρ ⊂ G ν , then g ∈ G ν and gN ν ∈ G ν /N ν . Using Definition 4.3, we have that π ν (g · m) = gN ν · π ν (m). Additionally, by (4.4) we have that
, which shows that gN ν ∈ (H ν ) σ and therefore guarantees the (
G (ρ) drops to a well defined map F that makes the following diagram
commutative. We remind the reader once more that the G ρ and (H ν ) σ -actions on J 
We say that the element ρ ∈ M/A ′ G satisfies the stages hypothesis when for any other element
Gν is such that for any m ∈ J −1 
is a symplectomorphism between the one shot reduced space (J −1
Hν (σ)/(H ν ) σ , ω σ ) that was obtained by reduction in two stages.
Proof of the theorem. F is injective: let π ρ (m) and π ρ (m
. Therefore, there exists a n ∈ N ν such that m ′ = ng · m. However, since both m and
. By the stages hypothesis, there exists h ∈ (G ν ) σ such that ρ ′ = h · ρ. Now, we have that
which proves the surjectivity of F . F is a symplectic map: we will show that
This chain of equalities guarantees that π * ρ (F * ω σ ) = π * ρ ω ρ . Since the map π ρ is a surjective submersion we have that F * ω σ = ω ρ , and consequently F is a symplectic map. F is a symplectomorphism: given that F is a bijective symplectic map, it is necessarily an immersion. Since by hypothesis the space J −1 G (ρ)/G ρ is either Lindelöf or paracompact, a standard result in manifolds theory guarantees that F is actually a diffeomorphism. 
Hν (σ) and ρ satisfies the stages hypothesis.
Hν (σ) is guaranteed by (4.4). In order to prove the equality take
Hν arbitrary, such that the Hamiltonian vector field
Gν be the function defined byf := f • π ν . The H ν -invariance of f implies thatf is G ν -invariant. In principle, the point F T (π ν (m)) lies somewhere in J −1 Hν (σ). However, we will show that it actually stays in π ν (J −1 G (ρ)), which will prove the desired equality. Indeed, as the curve {F t (π ν (m))} t∈[0,T ] is compact it can be covered by a finite number of open sets {U 1 , . . . , U n }. Suppose that we have chosen the neighborhoods
. where the functionf admits local extensions to G-invariant functions on M . We call G i t the flow of the Hamiltonian vector field X gi on M associated to g i ∈ C ∞ (M ) G . The flows G i t and F t are related by the equality
Hν (σ). We conclude by showing that this equality implies that ρ satisfies the stages hypothesis. Indeed,
Hence, there is an element n ∈ N ν ⊂ (G ν ) σ available such that z ′ = n · z which, by applying the map J G to both sides of this equality implies that ρ ′ = n · ρ.
Reduction by stages of globally Hamiltonian actions on symplectic manifolds
In this section we will assume that M is a symplectic manifold and that the G-action is proper and canonical, has a standard g * -valued equivariant momentum map J G : M → g * , and that, as usual, it contains a closed normal subgroup N ⊂ G. Recall that the inclusion N ⊂ G and the normal character of N in G implies that n is an ideal in g. Let i : n ֒→ g be the inclusion. As a corollary to these remarks, it is easy to conclude that the N -action on M is also globally Hamiltonian with a G-equivariant momentum map J N : M → n * given by J N = i * J G . When the G-action on M is free, symplectic reduction by stages has been studied in [MMPR98, MMOPR02] . In the following pages we will see how our understanding of the optimal reduction by stages procedure allows us to generalize the results in those papers to the non free actions case. More specifically, we will see that the reduced spaces and subgroups involved in the Optimal Reduction by Stages Theorem 4.7 admit in this case a very precise characterization in terms of level sets of the standard momentum maps present in the problem, and of various subgroups of G obtained as a byproduct of isotropy subgroups related to the G and N -actions on M and the coadjoint actions on g * and n * . We start our study by looking in this setup at the level sets of the G and N -optimal momentum maps. A basic property of the optimal momentum map whose proof can be found in [OR02a] , establishes the following characterization: let m ∈ M be such that J G (m) = ρ, J G (m) = µ, and G m =: H. Then, J N (η) ∩ M H∩N that contains it. Recall that the symbol M H denotes the isotropy type submanifold associated to the isotropy subgroup H and that it is defined by M H := {z ∈ M | G z = H}. All along this section we will assume the following Connectedness hypothesis: the submanifolds J −1
This hypothesis is NOT realistic however it will make the presentation that follows much more clear and accessible. The reduction by stages problem does not differ much, qualitatively speaking, no matter if we assume the connectedness hypothesis or not, however the necessary additions in the notation to accommodate the most general case would make the following pages very difficult to read. In order to adapt to the general situation our results, the reader should just take the relevant connected components of J −1 G (µ) ∩ M H and J −1 N (η) ∩ M H∩N , and each time that we quotient them by a group that leaves them invariant, the reader should take the closed subgroup that leaves invariant the connected component that he has previously chosen. The notation becomes immediately rather convoluted but the ideas involved in the process are the same.
We continue our characterization of the ingredients for reduction by stages in the following proposition.
Proposition 4.9 Let (M, ω) be a symplectic manifold acted properly and canonically upon by a Lie group G and suppose that this action has a standard equivariant momentum map
Proof. The proof of the equalities J Finally, we prove the identity G ν = N Gη (N η ∩H) by double inclusion. Let first g ∈ G ν . The equality g · ν = ν implies that g · m = F T (m), with F T ∈ G A ′ N . For simplicity suppose that F T = F t , with F t the Hamiltonian flow associated to a N -invariant function on M . The standard Noether's Theorem implies that g · m = F t (m) ∈ J −1 N (η) and therefore g ∈ G η . Also, as the flow F t is N -equivariant we have that
and consequently g ∈ N Gη (N η ∩ H). The reverse inclusion is trivial.
Remark 4.10 A major consequence of the previous proposition is the fact that the subgroups G ν and N ν , and those that will derive from them, are automatically closed subgroups. This circumstance implies that the proper actions hypothesis given in Definition 4.6 and necessary for reduction by stages is automatically satisfied in this setup.
The previous proposition allows us to explicitly write down in our setup the one-shot reduced space: We now proceed with the construction of the second stage reduced space. As it was already the case in the general optimal setup, the quotient group
acts canonically on the quotient M ν with optimal momentum map associated J Hν : M ν → M ν /A ′ Hν . In this setup we can say more. Indeed, in this case the H ν -action on M ν is automatically proper and has a standard momentum map associated J Hν : M ν → Lie(H ν ) * , where the symbol Lie(H ν ) denotes the Lie algebra of the group H ν . An explicit expression for J Hν can be obtained by mimicking the computations made in [MMPR98, MMOPR02] for the free case. In order to write it down we introduce the following maps: let π Gν : G ν → G ν /N ν be the projection, r ν = T e π Gν : g ν → Lie(H ν ) ≃ g ν /n ν be its derivative at the identity, and r * ν : Lie(H ν ) * → g * ν be the corresponding dual map. Then, for any π ν (z) ∈ M ν and any r ν (ξ) ∈ Lie(H ν ), the momentum map J Hν is given by the expression J Hν (π ν (z)), r ν (ξ) = J G (z), ξ − η, ξ , (4.6) whereη ∈ g * ν is some chosen extension of the restriction η| nν to a linear functional on g ν . This momentum map is not equivariant. Indeed, its non equivariance cocycleω is given by the expression r * ν (ω(π Gν (h))) = Ad * h −1η −η, for any π Gν (h) ∈ G ν /N ν . The map J Hν becomes equivariant if we replace the coadjoint action of H ν on the dual of its Lie algebra by the affine action defined by π Gν (h) · λ := Ad * (πG ν (h)) −1 λ +ω(π Gν (h)), (4.7)
for any π Gν (h) ∈ H ν and any λ ∈ Lie(H ν ) * . Let now τ ∈ Lie(H ν ) * be the element defined by τ, r ν (ξ) = µ, ξ − ν, ξ , (4.8)
for any r ν (ξ) ∈ Lie(H ν ). A calculation following the lines of [MMPR98, MMOPR02] shows that the isotropy subgroup (H ν ) τ of τ with respect to the affine action (4.7) of H ν on the dual of its Lie algebra, is given by since, by extension of the connectedness hypothesis we will suppose that J −1
Hν (τ ) ∩ (M ν ) (Hν ) πν (m) is also connected.
We compute the isotropy subgroup (H ν ) πν (m) in terms of the groups that already appeared in our study. Indeed, we will now show that
Take first an element π Gν (g) ∈ H ν such that π Gν (g)·π ν (m) = π ν (m) or, equivalently, π ν (g ·m) = π ν (m). Hence, there exists a group element n ∈ N ν = N Nη (N η ∩ H) such that g · m = n · m. Given that G m = H we have that n −1 · g ∈ H, necessarily and hence g ∈ N Nη (N η ∩ H)H and π Gν (g) ∈ N Nη (N η ∩ H)H/N Nη (N η ∩ H). Conversely, if π Gν (g) ∈ N Nη (N η ∩ H)H/N Nη (N η ∩ H), we can write g = nh, with n ∈ N Nη (N η ∩ H) and h ∈ H and therefore π Gν (g) · π ν (m) = π ν (nh · m) = π ν (n · m) = π ν (m), as required.
In order to write down the second stage reduced space we have to compute the isotropy subgroup (H ν ) σ . In view of (4.9) and (4.11), and Proposition 4.9 adapted to the optimal momentum map J Hν we have that
where the group (H ν ) τ is given by Expression (4.9). We now recall a standard result about normalizers that says that if A ⊂ B ⊂ C are groups such that A is normal in both B and C, then If we apply this equality to Expression (4.12) we obtain that
N Nη (N η ∩ H) (4.13)
All the computations that we just carried out allow us to explicitly write down the second stage reduced space. Namely, by combination of expressions (4.10), (4.11), and (4.13), we obtain that , (4.14)
where the group (G ν ) µ|g ν = N Gη (N η ∩ H) µ| Lie ( N Gη (Nη ∩H) ) .
The Optimal Reduction by Stages Theorem 4.7 guarantees that the second stage reduced space (4.14) is symplectomorphic to the one-shot reduced space (4.5) in the presence of the Stages Hypothesis introduced in Definition 4.6. In this setup, that hypothesis can be completely reformulated in terms of relations between Lie algebraic elements and isotropy subgroups. More specifically, in the globally Hamiltonian framework, the Stages Hypothesis is equivalent to the following condition:
Hamiltonian Stages Hypothesis: Let µ ∈ g * and H ⊂ G. We say that the pair (µ, H) satisfies the Hamiltonian Stages Hypothesis whenever for any other similar pair (µ ′ , H ′ ) such that By the Frobenius-Stefan-Sussman Theorem [St74a, St74b, Su73] , the integrability of D can be proved by showing that this distribution is invariant by the flows of the vector fields in (5.1) that we used to generate it. Let f, l ∈ C ∞ (M ) G , ξ, η ∈ g, F t be the flow of X l , and H t be the flow of η M . Recall that η M is a complete vector field such that H t (m) = exp tη · m, for all t ∈ R and m ∈ M . Now, the integrability of A ′ G guarantees that T m F t · X f (m) ∈ A ′ G (F t (m)) ⊂ D (F t (m)) . Also, the G-equivariance of F t and the invariance of the function f imply that T m F t · ξ M (m) = ξ M (F t (m)) and T m H t · X f (m) = X f (H t (m)). Finally, we have that Given that [X f , ξ M ] = 0 for all f ∈ C ∞ (M ) G and ξ ∈ g, the previous expression can be rewritten as
Therefore, L m = G 0 · J −1 (ρ), as required.
